If a central vector potential V (r, a) in the Dirac equation is monotone in a parameter a, then a discrete eigenvalue E(a) is monotone in a. For such a special class of comparisons, this generalizes an earlier comparison theorem that was restricted to node free states. Moreover, the present theorem applies to every discrete eigenvalue.
I. INTRODUCTION AND MAIN RESULT
We consider a single particle that is bound by an attractive central vector potential V in d ≥ 1 spatial dimensions and obeys the Dirac equation. For a central potential in d dimensions the Dirac equation can be written [1] in natural unitsh = c = 1 as
m is the mass of the particle, V is a spherically symmetric vector potential, and {α s } and β are the Dirac matrices which satisfy anti-commutation relations; the identity matrix is implied after the potential V . For stationary states, some algebraic calculations in a suitable basis lead to a pair of first-order linear differential equations in two radial functions {ψ 1 (r), ψ 2 (r)}, where r = ||r||. For d > 1, these functions vanish at r = 0, and, for bound states, they may be normalized by the relation
We use inner products without the radial measure r (d−1) because the factor r
is already built in to each radial function. These radial functions satisfy the coupled equations
where
2 ), d > 1, and τ = ±1. We note that the variable τ is sometimes written ω, as, for example in the book by Messiah [2] , and the radial functions are often written ψ 1 = G and ψ 2 = F, as in the book by Greiner [3] . We shall assume that the potential V is such that there is a discrete eigenvalue E and that Eqs. (3, 4) are the eigenequations for the corresponding radial eigenstates. In this paper we shall present the problem explicitly for the cases d > 1. The same arguments go through mutatis mutandis for the case d = 1: in this case k 1 = 0, the states can be classified as even or odd, and the normalization (2) becomes
We are interested in the relation that is induced between the eigenvalues associated with two distinct potentials V (1) and V (2) if it is known that the potentials, as functions, are ordered V (1) ≤ V (2) . The well-known comparison theorem of non-relativistic quantum mechanics states that 2) . Since the eigenvalues in the Schrödinger case may be characterized variationally, the proof is almost immediate. However, the Dirac energy operator is not bounded below and the variational approach is not readily applicable. We have already solved this problem for the Dirac ground state in d = 3 provided that it is node free: under these conditions we proved [4] that
0 . Subsequently this result was extended by Chen [5] to all dimensions d ≥ 1. The purpose of the present paper is to derive a much stronger Dirac result of this type, but valid for a restricted class of comparison potentials. We suppose that the attractive central potential V (r, a) depends smoothly on a parameter a. This in turn implies that each discrete eigenvalue E(a), and the corresponding radial functions ψ 1 (r, a) and ψ 2 (r, a), depend on a. For each eigenvalue we establish the following
Examples of such potentials are (i) V (r, a) = af (r), where a > 0 is a coupling parameter and the potential shape f (r) does not change sign, and (ii) V (r, a) = −α/(r + a), α > 0, which satisfies ∂V /∂a > 0 and ∂V /∂α < 0.
II. PROOF OF THEOREM 1
By differentiating the normalization integral (2) partially with respect to a, and writing ∂ψ/∂a = ψ a for each wave-function component, we obtain the orthogonality relation
We now differentiate Eqs.(3, 4) with respect to a to give
If we integrate the linear combination (7)
We now show that W = 0. We first need to establish the anti-symmetric relation
where ∂ represents the differential operator ∂ = ∂/∂r. This is achieved by the use of an integration by parts and the boundary conditions. In d > 1 dimensions we have
We note parenthetically that in d = 1 dimension we obtain similarly
In view of Eq.(11) we may therefore rewrite W (for d > 1) as
From the eigen equations Eqs. (3, 4) we conclude that W = 0. The normalization Eq. (2) together with Eq.(9) imply
Thus, if V a does not change sign, nor does E ′ (a), and the signs are the same. This completes the proof of the theorem.
III. CONCLUSION
The principal result of this paper should be regarded more as a contribution to the qualitative theory of Dirac spectra than to approximation theory. It confirms experience with explicit potentials such as the Coulomb potential V = −α/r for which the known exact spectral function
satisfies E ′ (α) < 0 for every eigenvalue. In order to support the application of envelope methods to screenedCoulomb problems discussed in Ref. [4] we would still need the more general theorem of that paper. However, for a cutoff Coulomb potential such as V (r, α, a) = −α/(r + a), since ∂V /∂a > 0, we know immediately from Theorem 1 that ∂E(α, a)/∂a > 0 for each discrete Dirac eigenvalue. Consequently, for example, it is now clear that the complicated non-monotonic behavior [6, 7] of the corresponding Klein-Gordon spectrum generated by a cutoff Coulomb potential will not occur under the Dirac equation: Theorem 1 tells us that every discrete Dirac eigenvalue decreases monotonically with α and increases monotonically with a. It is thus possible for us to establish such monotone properties even though it may be difficult to solve a given problem exactly or to characterize the Dirac spectrum variationally.
